—Chapter 4—

BdG Equations
on a Lattice



4-1 Self-consistent BAG Equations

. EQUATIONS OF MOTION

The BCS Hamiltonian on lattice

A=) (~tyeh e — Eychew) + ) (Byehef + 8¢uen)
ijo ij

Since the Hamiltonian should be a Hermitian operator, i.e.,

H\T = ﬁ = tl*] = tji and At] = Ajl

The equations of motion
Let the imaginary time 7 = it

0 ~
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0
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0OS:
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B. BOGOLIUBOV TRANSFORMATION

(1) Bogoliubov transformations

A _ na nx* /\-l-
Cig = z (ui Yne — 0V Vna)

n

A ~t N
Cic = z (u?*yna - O_vinynﬁ)

n
which are linear transformations of creation and annihilation operators

that preserve the anticommutation relation, i.e.,
?na?r-[a + ?Ja?na =1

(2) The Bogoliubov transformation in matrix form,

¢ 1 .. N _1x . _,Nx %
i Uq Ug VU 21 4%
C1¥T _ uljv eee u% _vljv* e _'UI]\\’]* y1¥T
A - 1 N 1% N= %
‘1 vio o v U ot U Y1
At 1 ... N 1% N+ =1
Chy Vi vy Uy Uy 40
the transformation matrix is a 2N X 2N matrix.
Let
. At
C11 ¢ €1l
o= : 1, =\ ¢
é ot
1 N 1 N
Uy Uy % %
u= P, V= :
1 N 1 N
Uy Uy Un Un



Y1 ¢ Y1
vi=| i) vi=| ¢
146 ]711:”

The Bogoliubov transformation can be simplified as,
Cr u —v\ /("
<CI> - (V u* )(YI)
(3) Since
(u —V*) (u —V*)T _ (u —V*) (u* V*)
v u/\v u v u/\-v u
_ (Iul2 + |vI? uv*— V*u>

vut —u'v  |ul? + |v|?

( )
0 1

[ul?+|v|?=1=> Z |uTl|2 + |1;.”|2) =1 (a)

vu* —u V—O:Z(v” m—uMvl) =0
The Bogoliubov transformatmn matrix is a unitary matrix, i.e.,
v u v u
C. BdG EQUATIONS

(1) Define a spinor operator

Cr
+=(3)

The Hamiltonian in terms of { and T
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[ At AT A N
H= (CIT CNT Cuy 0 CNl)

0 —ty, v —tiy Ayp e e Agy C11
_t21 0 . . . . . H
—ty1 0 ANl ANN ENT
A%, o Ay 0 tf, - tiy CAL
. . . £, 0 . .
Anq o ANt e e 0 CAI’\r]l
Let
0 ti, - tyy Ay o o Ay
t 0 H . ‘. .
= . A=

tyy 0 o 0 Ayi = = Ayy

Cr

H=(c o)(! f)(q) ..... ©

(2) Use the Bogoliubov transformation
<
(6 <) (<)
_ (1 u —vr\' (-t A) ) (u \4 )
H=(v] v) (V u*) (A* ) v ow /]
_ + & 0 Y1
(T Vl)(o —£l><yI

= Z EO‘Y;YO‘ + €
o

where

(u —v*)* (—t A) (u —v*)
v u A t*)\v u*

_ (—u*tu +u*Av+ v A*uU + vtV uttv' +utAut — vIATVT 4 V*t*u*)
- vtu — VAV + uA*u + ut*v —vtv* — vAu* — uA*v* + ut*u*

and
u'tv* + u*Aut — vA'V vttt =0
vtu — vAv + uA*u+ ut*v=20
E; = —tu? + Au*v + A*uv* + t*v? = —tu? + t*v2 + 2R{Au*v}
E, = —t*u? + Au*v + A*uv* + tvZ = —t*u? + tv? + 2R{Au*v}
As t is real,
Er = —t(u? 4+ v?) 4+ 2R{Au"v} = —t + 2R{Au*v}
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E; = —t(u? 4+ v?) 4+ 2R{Au"v} = —t + 2R{Au*v}
= ET = El

The equations of motion in terms of ¢, and Cj;

[éw,ﬁ] :Z tUC]0-+O'AU iG
Jj

A-I- il — * A'l' * A
[Cia' H] - Z tl} jo UAijCJE
j

C11 0 —ty, o =ty Ayg o o Agy C1r
: —ty, 0 . . . . . :
[ Cnr a —tyy e 0 Ayy = o Ayy Cnr
AT ) ] = * * * * AT
Cll All cee “es AlN 0 t12 ces th C]_,L
; : DU 51 0 ;
6}1\‘” Ay o ANyt e e 0 el

|-G ()

The equations of motion in terms of y4; and yg
R.H.S. of equation (d

()1 [ -6 06 20

L.H.S. of equation (d

(& 3><§5>=<;f HE 0

Thus, we obtain

(—t A) (u —v*) _ (u —V*) Er 0
AT ) \v ot v u/\0 -—E
The equations above are called the Bogoliubov-de Gennes' (BdG)

equations.

Global Index in Code Implementation
From the equation (c), the Hamiltonian matrix is
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0 —t12 —tiy A1 Ay
—tyq 0 : :
H= (—t A) —tn1 0 Awy Any
A"t Aty Ay 0t tin
. . * .
H t21 0 H
* * *
An1 Avy  tha 0
Declare a matrix in code implementation:
hy 1 hyn hy N1 hyon
H= (—t A) hy1 hy N hyn+1 hy 2N
- * *
A"t hni1 hnyin  Aniin+t hni12n
haona honny  hann+t haon2n
Diagonalize H and obtain
eigenvectors:
1 N 1% Nx*
ul cee ul —"]1 cee —vl u1
1 N 1% Nx*
(u —V*)__ uy uy —Uy —UN | _| W
* ] 1 N 1 N= | —
vV u vi o) uj up V.l
1 N 1* N* V
where we define the global indices
u} ul -} -yl
1 N N+l 2N
u; = (ul ..... ui ui ..... ui
vl-l UL-N ug‘ ulivx
o1 ON oN+1 2N
vi — (vl ..... vi vi ..... vi )
OS:

After diagonalization, we should use the normalization conditions
to verify the global index as follows:

D (el + opl) =1

n

> (ugop = vpur) = 0

n
eigenvalues:
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0
0 -—E Ent1
0
Ean
where
E; Epp
Ev |_| Ewt
Eniq —Ey,
Ean —Eny

D. SELF-CONSISTENT CONDITIONS AND ORDER
PARAMETERS

(1) Electron density:
(ur) = (ehéu)
= > {(arty = vppms) (w7 — 171
n
= > [l (phipmt) + 2 (s
n
n 2 n 2
= > [ (Bur) + o7 £ (=)
n
(nu) = <CiT¢Cu>
= Z <(u:l*]7111-1 + vin]?nT) (u??nl + vzn*),/\r-er)>
n
= [orer (pupfs) + i (7,
n
= [l F(=Eur) + [ (Ens)]

n
Using global indices, we obtain

(nir) = D [l (Bur) + |7 F(=B)] = w2 (En)
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(na) = D [P £ (=Bur) + | (Bus)] Z|vn| [1 - £(E)]

Since
f(En) =50

1 eﬁEn/Z — e—ﬂEn/Z
ZE 1_eBEn/2+e_ﬁEn/2
1 E
= E(l — tanhgz—n->
2N 1 8E
2
() = ) fut] E(1 _ tanh_2£>
n=1
N 1 BE. < 1 BE
2 2
n=1 n=1

(2) Superconducting pairing:

%4 vV

A = V<CiTle> =3 <CiTle - leCiT> =3 ((Cichl> - (leCiT>)
<CiTle> = Z <(un?m - *VL) (u}anl + vjn*?:[T»

-3 b k- )

= Z (w0 (=Bur) = v ()]

n
<CiTle> = z <(un?nl + VJ-TL*?ZT) (u??m - U?*?rtl»

Z [ ult <ynTVnT> + u 17 <)/nl?r-1rl>]

Y ot ) ot )

n
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Using global indices, we obtain

Aij=g-2[u B (= Er) = 0P (Ent) = 0Pl (Ent) + 200
ZZ [y (=) - vy £ (8]
ZZ pvp [ = 27 ()]

. 2 ePEn — 1 BE,
Since 1 — Zf(En) =1- Pt 1 Bl =ta nh——-
Ay = 5 Z * ”*tanh——
EXAMPLES:

*f(_Enl)]

1. Solve the BdG equations for the d-wave superconductivity,

(—t A)(u —V*)=<u —V*) Er O
A t)\v u* v u 0 -E

We can then obtain the pairing using

Ny, N*
A;j 22“ tanh——

The d-wave superconduct1v1ty is

A= %(Anx + A = Dipy — Ai—y)

(3) D-density wave (DDW) order:

V %4 *
WijT = E<CLTTC]'T — C]TTCL'T> = E <<Ci—|-TCjT> — (Cl:rchT> ) =V <Ci—q‘CjT>

vV V *
==l 5 (i) - o ) =¥

W W}T + Wl]i =V-3 (< ;I-TC]'T> + (C:lcjl>)

(4
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<CLTTCJT> - Z <(u?*VL = o'ym) ('yar = ”fn*y’ti»
n
= (= o) (s = 4L
n
= Z [u{‘u;‘ (VLVm) + v <anyrtl>]
n
DN R ORI e

n

<C$Cu> = z <(u§‘*VL + 01 ) (¥ + v}‘*VL)>

n
= nxgn (o F n,n* f
- u; u] Yni¥Vnl +vl U] YntVmr
n

= [t () + oy £ ()

n
Using global indices, we obtain

Wi=V-3 Z [u{‘*u?f(EnT) + vl-nv}‘*f(—Eni)
n
+ u?*u}‘f(Enl) + vi”v}‘*f(—EnT)]

2N
=V -5 z [u?*u;}f(En) + Vl-n*V]n[1 - f(En)]]
n=1
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4-2 Magnetic Field Effect

A. PEIERLS SUBSTITUTION IN TIGHT-BINDING MODEL

(1) When apply an external magnetic field, the single-particle Hamiltonian
and the Bloch eigenfunctions are

7, = — (“+e/T)2+V(*)
=— - 7
BE72m f? c
he(F)=— ) e* Ry (7 —R
wk( ) \/I_V o ( )
Since in the presence of a magnetic field, the only term changed in the
Hamiltonian is the momentum operator as

- - e rd
p—->p+ EA

Thus, we can assume the Wannier function as
w (77— fél) = ePw (F— ﬁ)

The Schrodinger equation gives

Hpp(7) = Vl_ﬁz ek R i (77 - ﬁ)

pePw (? - ﬁ) = —ihVe'Pw (F - ﬁ)

= —ih [ei"’VW (? - R) +ie'PVow (F - R))]
= e (p + We)w (7 - R)

(54 54) w(F—R) = (5+54) - (5 + 4 eiow (5 - R)
- (;ﬁ ;Z) el® (;5+—A+hV¢)w(?—ﬁ)

Thus, we obtain

- 1 - |1 e 2 o

He(7) = I/‘Ez etkR gl¢ [2—"; (;ﬁ +oA+ hv¢) +V(7)|w (? - R)
R

Since
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}[ll}k(r)
We need to set
CAtAVp=0=¢ = ejrj(*') di*

- ¢ = ¢ = he ), AUT)-dr (a)

Thus, we obtain

}TB’I’k(F) = ei¢ﬁ¢k(77) = eid)fklpk(F) = Sklljk(?)
= The magnetic field has no effect on the eigenenergy at the scale of
the crystal lattice and only adds a phase term in the Bloch

y_ + V(#) [ (P) = epr(F)

wavefunction.

Thus, the hopping integral is
£j=— jw* (7 - R:) Fpw (7 - K;) dr
= [emtouw (7= R) etesstw (7 - ) r

R
_ f o i(9i-95) - (7= ) Fw (7 - &) d*r

_ (bi-¢;)
Since
e T, T,
b = —— jA(?’)-dF’+j A - d7
hc R; R]'
e -
=—— A(7") - dr’
hc JRL-—W—>R1- ( )

e e
=—— Ar dr' ———f - dr'
s A0 AG)

Since we assume A(r) is approxunately uniform at the lattice scale -
the scale at which the Wannier states are localized to the positions - we
can approximate,

e N
. f A#)-di ~ 0
hc ﬁi—ﬂ’—ﬁj—ﬁi

Let

e ., 21 o o
¢ij ?lsz A(T) dT' _(—D—O R A(T') ar
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where @ is the single-particle flux quantum,

b, = % =2.07 X 10715 Tm?
Thus, we obtain

b — P = —dy;
which is yielding the desired result,
t;; = tijei¢if
= Magnetic fields are incorporated in the tight-binding model by
adding a phase to the hopping terms, i.e., the magnetic field enters the
kinetic part of the Hamiltonian through a phase factor.

Thus, the tight-binding Hamiltonian is

}TB = Z —fing-O.CjU + Z Aijci-l%‘C]T,l, + H.c.

ijo ij
Now, we can solve the BAG equations as follows:

A (ﬁ —v*)z(ﬁ —v*) Er 0
A ov)\v o v o /\0 -—E

Z —fuﬁ]" + Eijﬁjn] = EnTﬁLn

— |
Multiply e on both sides

Z —tl'jeid)jﬂ}l + Aijﬁ]ﬂei(l)i] = Eanl.lnei(pi

j
To make the equations covariant, let
gt = yle i¢j
U =uj'e .
~Nn n,—Lpij
= p: J
v =vj'e

A = Aije_i(d)i_d)j)
Z [—tijei¢fu}’e_i¢i + Aije_i(d"'_d’f)vjne_id’fei‘pi = EpjullelPie~ i
J
Z [—tiju}l + Aij‘l]jn] = EnTuln
J

EXAMPLES:
1. Solve the BAG equations for the d-wave superconductivity in the
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presence of a magnetic field,

i A (a —v*)z(a —\7*) Er 0
S AN v o /\0 -E

We then obtain the pairing using
i] 2 Z un n* tanh Aije_l(d)i_d)j)

Since the d-wave superconduct1v1ty is

1
A=y (Ai+x F Ay = Aiyy — Ai—y)
We need calculate each pairing as

Aijz Zijei(d)i_d)j) = Ai]’e_iqbij
B. RECTANGULAR VORTEX LATTICE

(1) Consider a rectangular lattice with the linear dimensions N, and N,, as
a unit cell of the vortex lattice.

N X
Since in the presence of a magnetic field, the magnetic effect is
included through a Peierls phase factor as
2 (R, o
¢ij = g A(T) -dr
0 R;
where V x 4 = B2. Thus, the flux density enclosed within one plaquette

of the unit cell is given by

2% 2 j i) dr—-—Zf A7) - di

Where O 1mphes a closed loop

(x,y) g (x+1,y) g (x+1,y+1) g (x,y+1) g (x,y)
and
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Ri Ri e
ZJ A(F)-d?:f A(?)-d?:foA-dS:jB.ds=Ba2
o “Ri R; N S

where S is the size of the plaquette and a is the lattice constant.
Thus, we obtain

Zd)l] = ——Ba

Smce the smgle particle flux enclosed in a unit cell is 2 such as
Zqﬁu BN N, a’? =2m

where |:| implies a closed path around the rectangular lattice such as

(0,0) > (Nya,0) — (N a, N a) (0 N a) 2, 0,0)

we should let

Since the rectangular lattice is a unit cell of the vortex lattice, we can
introduce a translation operator T,,, such that

P =T, F=7F+R
where R = mN,aX + nNyay.
The gauge transformation of the vector potential A under the
translation operator is j(’f“mn?) = /T(“r_") + Vx(7)
Now, consider a Landau gauge A= (—By, 0,0) such that

x y Z
Vx4 = 9] g 0 _ B2
xA= ox dy 9z | z
—-By 0 O

Thus, we have
A(Tono) = (=BTin0y,00) = (—By,0,0) = A(F) = 4(F) + Vx (R)

=Vx(R)=0
and
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A(Tn?) = (=BTony,0,0)
= (=B(y +nN,a),0,0)
= (=B,0,0) + (—BnN,a,0,0)
ff(?‘) + Vy (ﬁ)
= —BnN,ax
=>x (ﬁ) = —BnN,ax
Thus, we obtain

o\ 2m (IR .
¢y (R) = ao'f A(F') - di
ri

= ¢yj + éﬁo f: vx () ai”

—

:V)((ﬁ

= ¢ + ;ZDEO (—BnNyax) -

0
2m
=i — o BnNy,amNya
0
= ¢;j — 2mmn
From 1-4-C, we have
ul = eiﬁeEX(R)ui = ei2mx(R)/ oy,
vl = e—ih%x(R)vi — = i2mX(R)/ oy,
A} = eiz%x(R)Aij: ei4n)((R)/CDoAij
where
)((ﬁ) = —BnNyamNya = —mn®,
By considering a closed path around the rectangular lattice,
o) o) o) ®
(0,0) = (Nya,0) — (Nxa, Nya) = (0, Nya) — (0,0)
the acquired flux of the superconducting pairing is

4
Db =g (o) =4

= The flux enclosed by a unit cell has two superconducting flux
quanta. Each vortex carrys the flux quantum hc/2e.

C. PERIODIC BOUNDARY CONDITIONS
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(1)

Since a magnetic unit cell contains two vortexes, conventionally, we set
the dimension of the lattice as Ny = 2N,,. Thus, each vortex is enclosed

. . .y . N
in a square lattice with size 7"Ny.

For the nearest neighbor hopping term, the flux density in each
plaquette is

XS Z fA(r) 47 = §o + do + bo + bo

21 x+1y ( ) 21T 5
bo = — A(7) - dF = ——Bya
cI)0 x,y CDO
21T x+1,y+1 .
d)@ = - A(F) d? =
CI)0 x+1,y
2m (YT /s
Po = — 7)-df =—B(y + 1)a?
CDO x+1,y+1 0
2w (%Y
po =— A7) -df =0
(DO x,y+1
21 2 @ 21
_ 2 = — 0 2 =
Z ¢y =5 B =5, Ny Nya NN, ~ ¢°

The Peierls phase factors are

—®PoY, along + x direction

_ ) ®oYy, along — x direction
Pij = 0 , along + y direction
0 , along—y direction

at the boundaries
_ PoNyx along + y direction, at y = N,,
bij = —@oNyx,  along —y direction, aty =1

For the next nearest neighbor hopping term, the flux density in each
triangle-plaquette is

XS Z fA(r) 47 = go + bo + bo

21T XLy 2T

Po =% ), AR)-di = —ao-Bya
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21 x+1,y+1 .
¢®=——f A7) - dr =
cI)0 x+1,y
p 2m i) ar _ 2 (y+1)" —y? 27TB< +1> 5
0= 4 ry-ar=——b—————— ==blyrs]a
N x+1y+1 0 2 @, 2
z 27t a 2m ®y a® 1 2m ¢,
i = (I)ONNa 2 ZNXNy_ 2
=®%o

The Peierls phase factors are

Po <)’—
\

at the boundaries

( 1
0o Myx =5

1
Yo (Nyx + 5)
Gij = 3 1
—Po (Ny(x + 1+ 5) )
1
—®o Ny(x - 1) _E )
OS:

along + x + y direction

) along — x + y direction

along + x — y direction

) along — x — y direction

along + x + y direction, at y = N,,
along — x + y direction, aty = N,,
along + x — y direction, at y = 1

along — x — y direction, at y = 1

For some computer language, the index conventionally starts

from

follows:

0. Thus, we need to modify the boundary conditions as

Ms198



Po <Nyx + > , along + x + y direction, at y = N,, — 1
Po (Nyx - —> , along — x + y direction, aty = N, — 1
¢ij =
-y <N (x+1)— —> along + x — y direction, at y = 0
1 L
—@o | Ny(x — 1) + > along — x — y direction, at y = 0

(4) For the 3rd nearest neighbor hopping term, the flux density in each
triangle-plaquette is

2.0 Z jA(r) 47 = ho + bo + o + do

21 x+2 Yy

bo = @, ).
2T x+2y+2

2
- . - —_ _ 2
A(r) dar oy B2ya

po = — A7) -di =0
q)0 x+2,y
2 (XYt 27
P =— A(7)-df = —B2(y + 1)a®
Po Jxi2,y+2 @
2w (%Y
o = — A(F)-dF =0
cI)0 x y+2
z B _2m 29y, ) 2 5
iy = @t T Dy NeNyaZ " T “Nen, <%0
=®o
The Peierls phase factors are
—@o2y, along + x direction
) ®o2y , along — x direction
bij = 0 , along + y direction
\ 0 , along — y direction
at the boundaries
PoNyx ) along + y direction, at y = N,
—@oNyx ) along — y direction, at y = 2

Pij =4 (pO(Nyx - 1), along + y direction, at y = N,, — 1

[~ %o (Nyx - 1), along — y direction, aty = 1
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4-3 Local Density of States

. GREEN'S FUNCTIONS ON LATTICE

Matsubara Green's function

61 (@ = - (T [} O]) = 0@ (ea (@ @) + (-0 (¢} ) ()

Gin@ = —(Teh@e.])

= -0(0) (¢}, 6.(0) + 0(-1) (4O)c @)

Fy(@ = = (T[ea@Eu0)]) = ~0@ (e (0)) + 0-)(6110)cir (7))
Fy(0 = - (T[el @) = ~e (e @} @) + (-0 (¢} @)

The equations of motion of Green's function

9 9 :
2 6yp@) = -0 (ea @} @) + 2-0(~) (¢} 0)eis ()

—e@% qmﬂ%m»+@(ﬂ<ﬂm) m@ﬁ
Since —a—@(‘r) = 6(1) and i(E)(—‘r) = —-6(—1)
ot dat

5] |0
7 Gijr(t) = —=6(7) <{CiT(T)' CJ-TT (0)}> - <T [5; CiT(T)CJTT (0)]>
Use

a 7 *
_EC’;I-O.(T) = I:CJO_(T),H:I Zt”C]TU O'Aijcva
j

0 ~ A A
—acid(r) = [cio (), H] = Z —tuis(7) + UAilclJrc—r ()
7
We obtain

2 et = 5@%+Z<[hm@w@+hm@ O

= —6(1)6;; + Z tilGle(T) - Ailej(T))
I
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2 60 = 5@ {{eh 0, cu(0))) - <T [g’; cl (r)c,-i(O)D
= 6@y + Y (~tiGiu @ - KuFy (@)
l
2 @ = 5@ ({en @, )) - <’T‘ [% cn(r)cﬂm)])
= Z (fizej(T) - AilGl*jl(T))
l

0
aFij’(T) =-6(7) <{ ll(T) T(O) < [_ Cll(T) T(O)]>

= (6@ ~ @)

1
These equations are rearranged

d
— 57 Gijr (D) = z (—tiszjT(T) + AilFlj'(T)) = 8(1)6y;
7
d
_aFij(T) - Z (_tilFlj(T) + AilGl*jl(T)) =0
]
d
—aFi?(T) - Z (A?zGle(T) + tszf}(T)) =0
1

0
~=—Gin® = ) (i6iu(@ + KyFy(@) = 88
1

We now write these equations in a matrix form

Gi1r - Givy Fin o Fiy

0| Gyt Gynr Fya o Fun

ot| Fi1 - Fiy G{y - Gy
Ff(m FITIN G;:Ill G;/Ni
—t11 —tiy Ay o Ay Gi1r - Givr Frp
—ty1 v —tyy Ani 0 Ay Gyir = Gunr Faq
Ay - ALy tip oty Fiy - Fy Gy
11 11 tvi ot taw Fyi v Fan Gy
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= 6(1)

SO OO O
eNeoNoNeN =
[eNeNeN ==
SO RO OO
SO Rr OO OO
=== w)

Let

Giis * Ging Fi1 - Fiy
Gg = : : , F=| : ) :
Gnie  Gune Fyi o Fan
The equations can be rewritten as

il o) oG AF ¢)o o )
-[56 D-G O &)o-sof )

This equation is known as Gor'kov equations.

Fourier transform of the Green's functions

G, F I . (G FY

<F* G;>(T>=z;ze <F* GI)Ow)
1 —iwT

5(T)=Eze

w
Substituting into Gor'kov equations, we obtain

el 9-G ONE Qw52 )
<[ )G AIE Ge=6 9

Insert Bogoliubov unitary transformation matrix

(s 2)-GF AIE e ) (B &)= )

The solutions of BAG equations give us
(u —V*) (iw 0 ) _(E; O (u *) Gy F (iw) = (1 0)
v u 0 iw 0 -E u* F* G 0 1
u —v*\(iw—E; ( *) F\ o (1 O)
=z (V u* )( 0 iw + E¢> u* G} (iw) = 0 1
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-1
GT F . _|{u —v* iw— ET 0 u —-v* U
= <F* GI) (i) = [(v u* )( 0 iw+E, (V u* )

1
* '___- 0 * *
:(u —V) iw — Eq (u V)
v u* 0 1 -V u
iw+ El
uu® N Vv uv”® v*u
_ iw—ET i(l)+Ei i(x)—ET i(x)+Ei
- vu* u*v v'v uu*

- +
iw—ET I:O)+Ei iw—ET l'(x)+Ei
Use global indices u}, v{*, and E,, i.e,

u} ul v} -
/_T /—M]\} N+1 2N
ui = (ul_ ..... ul_ ul, ..... ui )
vil v{v ull ufv
— (gl . oN YN+ 2N
vi =(v; Vi Vi Vi
E, Eqr
Ev |_| Ewnt
EN+1 _Ell
EZN _ENl
Thus, we obtain
n, nx N, N*
u;'u; u;'v;
<Gm Fij>(. ) Z iw—E, iw-Ep,
* * lw) = Ny * N, N*
Fi' Gijl — v; u]- v; VJ

iw—E, iw-E,

. LOCAL DENSITY OF STATES

The local density of states at zero temperature

1 o~
pi(w) = —;J(Gm +Gyyy)

1_ I AR i | 2
S25(G) =2 S (ij;;;> == > il 8(E, - )

n n

1_ I, v B 12
——3(Gw) = —;ZJG&)—:E:) = —Zn:|"i " 8(En + @)
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pi@) = = ) [0 [* 6(Bn — @) + [V [*6(Bn + )
OS: "

The local density of states at finite temperature T
Using the property of §-function

§(En—w)=~f'(En—w)=———
pi@) = Y (il £ (En = ) + 97 F (B + )

Since

1 + tanh <Eﬁ5n_i_w_>

- %f(En tw)= g[l — tanh? <EEn—i-—w—>

The local density of states at the temperature T is

. SUPERCELL

Let M;L; be the length of a crystal and L; = N;a; be the length of a

supercell.
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Apply the periodic boundary conditions

we (7 + ML) = e® My (7) = u (7)
= etkiMiNia; — 1
27'[1?1'
> k; = M Na where €; = 0, , M;N; — 1
The Bloch wavefunctions for each supercell are

.t 2m
u(7) = e MiVia; Ty (7)

Define the supercell Bloch states wave vector as E, according to Bloch's

theorem, BAG wavefunctions are
u, = etk Ty
v, = ek Ty

BdG equations are

_tk Ak Uy —V;; _ Uy —V;; EkT 0
A G )\ ur ) \vk u 0 —Ep

—tij (k)u}l'k + Ayj (k)vjn'k] = Epjrul*

k-7, n ik-#i.onl| _ ik-7,,m
—t;(k)e™ uft + Agj(k)e ij]—EnlkTe g

—tl](k)e ik (7 rf)u +4i(k)e” ik(7i rf)v] ] = Eppul

e

Let tl](k) =e' (rl rj)tl] and Al](k) =e' (ri_Fj)A-

ij
:>Z —tju +AUUJ] Epul

The local density of states in terms of supercell Bloch states

ﬁ 1 n, 2 ﬁ(En,k - w)
pi(w) = ) X/I?M_y 2 {|ui k| [1 — tanh? <———2———)]

v.n’k|2 [1 — tanh? <E(_En_k_+_w))

+

4

M2 8



4-4 Superfluid Density

OS:
Inspired by Scalapino et. al. [Phy. Rev. Lett. 68, 2830 (1992)| for
the Hubbard model on a lattice.

CURRENT DENSITY OPERATOR

We expand the Hamiltonian to include the interactions of electrons
coupled to an electromagnetic field.

g=-— Z(tucwc]a+Hc +UanTnll Zann] Hy+H'

Ua i#]
Here, H'(t) describes such a m1n1mal coupling

2,2
A'© = —ea ) A(iu () ——— ) A7 OR(7)

l l
where a is the lattice constant, A, is the vector potential along the x-
axis, and the particle current operator is defined as

FP(2Y — _i T T
Jx (ri) - _lz (tl] CigCjoc — tl] ]aClO')

ag
and the kinetic energy operator is defined as

Rx(Fi) = _Z( ij zaCJcr + tjjc ]acw)

g

The charge current density operator along the x-axis is found to be
- - 5ﬁ, (t) - - 574 - =
Li(7) = ————< =edfJE (7)) + e2a?K, (7)) A (7 t)
6Ax (T'i, t)

OS:
An alternative derivation of the charge current density operator
The electric polarization operator
p =e Z Fiﬁi

i
The x-component

PX = eriﬁi

i
The time derivative is

L=y =]



B.

(1)

P (7) ==X =—[A,p
Jo(7) =5 =5 7Bl
— z At t
= Lez [x LijCixCia — Xi tﬂ ]Gcm]
o
= iez (xl- )tU Lcja
o
= lez (Xi — X]) tij (1 + l¢L}) CiTngO'
o

With the phase ¢;; = eA;; = eAx(Fi, t)(xl- — xj)./ in the limit that
the hopping integral only between the nearest neighbors, i.e., x; —

Xj

Ju() = ie ) aty(1 + iedy (7 )a)ch e,

o
: T 2,2 > T
ealz tijCixCic —€°a ztiij(ri't)Ciach

g o
eaft (7) + e2a?K, (7) AL (7, t)

=a.

KUBO FORMULA

In the linear response theory, the statistical operator in the interaction
picture is given by
oot
l 24 ~
PO =pl-e) — 5 | [, p(-)] de’
—00

The expectation of a physical variable is found to be

i rt
(0) = Tr [p(~)0] - f Tr {p(-e)[0("), H'(t")]} dt’

=(0),~3 [ {loe)m@l)a

where
O(t') — eiﬁotée—iﬁot
ﬁ'(t') = giflot fj’ o —iHot

The paramagnetic component of the electric current density to first
order in 4, is
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t
e =i [ G ©Dar
where

f,‘?(?, t) = eiﬁotjjé’(?)e—iﬁot

The diamagnetic part in (K, ), only to zeroth order; (-++ ), represents a
thermodynamic average with respect to H,.

C. SUPERFLUID DENSITY

(1) Diamagnetic response to an external magnetic field

<ﬁg> = <_tijclerCjT - tijci.llcjl + HC>

- Z <_tij (“?*VL - vi"m) (“}l Yt = ”f””rtl)

n

— t;j (uf*y,tl + vi”ym) (u}‘ynl + v]ﬂ*y:[T) + H.c.>

=t Z [u{l*u}l (V;TVnT> + vy <Vn¢)/;[l>
n

n*x, n

+ Uy <VLVn¢> + vy <ymy;T> + H.c.]
Use global indices u}, v{*, and E,, i.e,

u} ul v} —vN*
/_AT ﬁ\]_\} N+1 2N
ui = (ui ----- ul_ ui ----- ui
v} vV oulr ulN*
ol ON GN+1 2N
v; = (vl ..... vi vi ..... Vi
E, Eqr
Ev |_| Ewnt
EN+1 _Ell
EZN _ENl

Thus, we obtain

(Rs) =~y > [ () + vivg[1 = £(E.)] + He)

n
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(Re(i,))) = Z(t” ¢ Cio + H.c.>

g

_ T T * T * T
= - <tijciTCjT + tijcilcji + tjichCiT + tjicjicil>
= - Z [t u u <ynTynT> + tl]v v <ynlyn¢> + tl]u u <yn¢ynl>

+ tuv 17 <VnTVrtT> + t]lujn* u (VnTVnT) + tjzv]n v <an)/n1>
+ t]lu]n*u (Vniynl> + t]lvjnvn* (ynTy;{T>]

:—ZZImt][u u'f(En) +vi'v n*(l—f(En)]

Where tij = t]"ki

(2) Paramagnetic response given by the transverse current-current
correlation function

B
Ay (1,iQ) = f dt e (T P (r,)JE(r', 0))
0

Paramagnetic current density

]A,I?(T') = _iz (tl] l-ro'CJO' tz} ]Tgcw)
(TTjJICJ (T, T)jJFC) (T,' 0)>

— t t t t
= —Z<T (tlj CigCic — tji€ ]acw) (t 1j1Cir g1 Cil g — t;/ilcjlo_lcl"o-’)>

oo’

- Z tijtyjr (<TTCBLGC]'JC;UIC;'J'> + (Tchzciac]talcira»
!

(e
t t
<T CigCjoCji g Cit > - (T CiyCigC; ,a,c],U,>>
According to Wick's theorem
<T cch]Tc:L,T > (T cJTclT> (T C; rTc:r,T> (T C; ’Tcn> (T c]Tc:r,T>

— 1 T A7
= GGy — GGy

t - t t
<T CiLCLC;r Cjr > = <TrCqui> <chi’¢cj’l> — <Trcucjrl> <TrCi'¢Cj1>
_ il oAl
= Gile.,j, — Gij,Gi,j
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T T _ T T T .t
<TTCiTCjTCi’¢Cj’l> = - (TTCjTCiT> (Trci,lcjrl> + <TrCl-'¢Cn> <Tchchrl>

T t — t t t .t
<Trcucjlci'ch’T> =— (Trcucjl> (Trcerci,T> + <Trcuci'1> <TTc]-:chl>

= _Gile;’i’ + Fl*llF]Ij

T T _ a7 T AT l -l Al
Z <TTCL-UC]'O-CL-/0,/C]"OJ> = GjiGj’i’ - GjliGjil + GijGi’j’ - Gij’Gi’j

oo’

Tl * L A~T *
— GjiGi’j’ + Fi'iFj]" — GijGj’i’ + Fiilelj

(Trcj*acwcj*,a,ci,a,> = GGy — Gl Gl + GGy — G Gy

oo’

16} * Lot .
— GijGj’i’ + F}"jFii’ — GjiGi’j’ + F}j'Fi'i

+ i) _ AT T A7 el l A~
<T‘L'Ciacjo'cj’g-’ci'o"> = GjiGi’j’ — Giliijl + GijGj’i’ — Gii'Gj'j

oo’

Tl * L AT *
- Gjl‘Gjll-l + F}"iFjl" - GijGi’j’ + Fij'Fi’j

i) i) _rt T T Ll Al !
<T‘Ecjo'ci0'ci’g’cj’o"> = GijGjlil Gj’jGii’ + GjiGiljl ijlGili
7

oo
T Al x LAt *
- Glel’]’ + Fi’jFij, - GjiGj’i’ + F}'i’Fj’i
Since G]-‘{Gj‘fi, are disconnected part which will form a bubble, we can
ignore the contribution from the bubble.
G? = G
ji ij
7 7 T A7 L Al * *
(TT]JIC) (T, T)]J}C)(T‘,, 0)) = _tijti'j' (_Gj’iGji’ - Gij’ Gi’j + Fi’iFjj, + Fii'Fj’j)
_ T A7 Al * *
= —tijty; (=G} Gl — GGy + Fj Fup + FjFyy)
+ tyjtyyr (=Gl — GGl + FFy + FuFy )
+ tijti’j' (—G]TeriTil - G]l]rGllrl + Fl*;]FU’ + F;‘;'Fj’l)
Since

1. GiT,i does not contribute to the current
2. F;» = 0in d-wave superconductivity

7 2 I i) T T 1
(TJE(r, DL, 0)) = —tijtyry (_Gj’iGji’ - Gilj’Gil’j = GGy — Gjli’Gjl’i

+E}siFjir + FlyFyrj + F o + FFyr)

it Jji

_ T AT L Al * *
= —Ztijtl-ljl (_Gi’jGij’ — Gij’Gi’j +Fij'Fi’j + FiljFijl)
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B
Mo i) = [ dre (L2 G020

ﬁzz T )L 0,0+ )

w nn'

,BZZGLTJGLTJ ﬁzz Z iw —E i(Q :.wl;j,_

w nn' w n=1n'=
-3 ' f(En) — (i + Ey)
= 7
;Y T E, — Ey
n=1n'=1
The Meissner effect is the current response to a static (Q = 0) and
transverse gauge potential

,BZZ Gy i Gijrm = Z z ",un*un u]’ f(Eg) _]EC'T(IE D

w nn' n=1n'=1
Ny (., = 0) = =2t;t, 0 Z z ujuuf u], —v"v]’}*v, v]
n=1n'=1
_ Vnun*un, v vnun*un v *) f(En) f(E )
J J J J En—En
Let

F”” =t;; (u”*u” —VnV]n *)

’ En E
Axx(i'j» ) Ztl}tlljl z z I‘nn l"n]n f( ) f( )

E,—E,

n=1n'=1

ps(ij) = (—K(ij)) - xx(i'f;(ﬂ=)0) o)
nn' nn’f En) — fEw
_Z z rij iy’ E, —Eyn

n=1n'=1

z tl] [un n*f(En) + Vn n*(l f(En)]

n

The local or site-specific superfluid density is then given by
Let j=1i
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x (D) = Az (i, = 0)

R
ZZ pan rm’f(E;)_J;(E ')

Z ii+x [u1+x n*f(E ) + VnVLT}:x(l - f(En)]

n

nn' _ nx _n' nen'x
I‘i = Gijpx (Wi Wi — Vi Vigy

The superfluid density is evaluated as

ps(T) .
== (k) — Aex(4x = 0,0, = 0,0=0)

where (—ﬁx) is average kinetic energy along % direction, and Ay, (¢,Q2) is
a diagonal element of the current-current correlation.

— 1
(Re) =3 > D ([tusrachcirwo + Hc.])
i o

1evr o A A
Mecl@it) = [ dre (12 (q,1)7E (~q,0)
0

The retarded current-current correlation function is obtained by
analytically continuing iQ,, = Q +id

—i t . ! a ~
Aee(0.9) = — f dt’ = (N1 SR (g, 0)]F (-0, 1)
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4-5 Spin Relaxation Time

. SPIN-SPIN CORRELATION

Spin-spin correlation

X @ = (T[st @7 ©))

Let

St = C“TT@ TRERE Spin raise operator
.l.

S;=¢)én - Spin lower operator

x5 @ = (T[ch@ea@e] @ ())

Use Wick's theorem, the product of four operators can be factorized

into sums of products of pairs,
1@ = (1O @) Tl @cu@))
- ([gr@cu@]) (T [}, @t @)

Assume

Gjir (1) = G0, = (T O]

m@»-muo (T[¢h@eca@])

Fi(=1) = i (0,0) = (T @cu @)

Aﬂ—ﬂ@m—([Mmmam
X5 @ = G (06 (@) - F(—DFi@
The Fourier transformation of ¥

B
)(i*'j_(iﬂl) =J- elQlT)(;;-_(T) dr
0

o1 . .
it 0T ,—iw)T
= e lZﬁ elwiTo—lw]
0

ww]

X [Gm(la)n)G]ll(lw,’qL) — F}'i (l(l)n)F;;(l(U,’,l)] dt

Since

B '
f el(Qn+wn—wn)T gr — BS(Qn + wn — wp)
0
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Xl] (lﬂn) BZ Z 35(9 + wy — “)n)

Wpwh,
X [ jiT(i(l)n)Gjii(ia);l) — F}l(lwn)Fj:(l(A);l)]
1
= Ez [GjiT(iwn)Gjil(iQn +iwy) — Fji(iwn)Fj’E(iQn n iwn)]

n Tl*
[ vty
wnnm lQn +iw, — Ep

Tl Tl* V]mum*

n—En i, +iw, — E,
where we have used global indices u}, v{*, and E,, i.e

ul-l uﬁv —vl-T 7171N
1 N N+1 2N
ul — (ul ..... ui ui ..... ui
v} vV oul ulN
HT HI_\\I N+1 2N
Vl = (Vl_ ----- Vi Vl ----- Vl_
E Eqq
Ey |_| Ewt
EN+1 _Ell
E2N _ENl

Since
1 Z 1 1
B Llivy, — Ey 1Oy +iw, — Ep
wn

1 1
_Eijm—En_mn+mm—aJu%+En—an
Wn
_ f(En) - f(Em - iQn)
iQ + Ep — Em

E E,, —iQ
x5 (i) = Z u"u”*vmvm* u]”v”*v]mum*)f( Zg +f]§ El n)
n n m

(3) Analytic continuation
Q- Q+in
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+— CHR N N N* M, M* N, M* o, M M*
X (Q+m)—2(ujui vV — v vt )
nm

xf(En)_f(Em_Qn_in)
Q,+in+E,—E,

. SPIN RELAXATION TIME (T,)

The spin-lattice relaxation time is

1 B S .
T o = gl,llrgo oS ()(:[ (iQ, - Q, + m))

where

+—(; 7 — Ny M* M, M* Nk, M Tk
S(Xii (lQn_)Qn‘i'm))_Z(ui uf vt — uf v vtu)

nm

o (T (En) = f (B — 0 — in)
o )

Q,+in+E,—E,

Since

2 2
N, N*x , M, M* Ne,Nx M. _Mm*x __ |, N m Ny, N* , M TMN*
U vVt —up v v —|“i| |Vi | —W vy v

1
: <Qn Y i+ By — Em) = (MO + En — E)
Thus, we obtain
S (i@t m)) = D (v = wpvprvag)
nn’

X [f(En) = f(Em — Qp — in)]|(—m)8(Qy + Ep, — Epy)

= Jim > (Jup vl — wpvpevirur)
n= nn'
xf(En) _f(Em _Qn —iﬂ)
Qn
= ) (P o = wivpvup) [ (Bn)ws (B = En)]

!

1

T,T|,

(-m)8(Qy + Ey — En)

nn
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